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Abstract

We analyze the role of competition in information provision in random search
markets. Multiple symmetric senders compete for the receiver’s investment by
disclosing information about their respective project qualities, and the receiver
conducts random search to learn about the qualities of the projects. We show that
in any symmetric pure strategy Nash equilibrium, each sender chooses a strategy
with the lowest possible reservation value. There is no active search, and the

receiver does not benefit from the competition of the senders.
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1 Introduction

We consider a model of competitive information disclosure in random search markets.
Multiple symmetric senders, each of whom is endowed with a project, compete for the
investment of a single receiver by disclosing information about their respective project
qualities. The number of senders is small, and the receiver is assumed to observe the
strategies of the senders. We study a search model where search is costly and the search

process is assumed to be random.

Several motivations can be offered for considering this model:!

- First, even if the receiver is assumed to observe the chosen strategies of the senders,
in many realistic settings, the receiver might have only limited ability to conduct
directed search. For example, this could be due to the scheduling concerns on
the part of the senders, which limits the extent to which the receiver performs a

directed search.

- Second, an equivalent interpretation of our model is that the senders’ strategies
are not individually observable (which makes directed search impossible for the
receiver), but the receiver has access to some “aggregate-level data” about the
distribution of signals in the market, which guides the receiver’s decision of whether
to continue search. This is the case if the search process is via an intermediary
that typically provides aggregate-level information of the competitive products in
a given market.

- Third, we motivate our analysis from the following theoretical perspective. Most
models assume either a random search process where the receiver does not observe
each individual sender’s strategy or a directed search process where the receiver
perfectly observes each individual sender’s strategy. The modeling choice makes a
huge difference in terms of the results. For example, the main model in Au and
Whitmeyer (2022) study the latter case and shows that the receiver potentially
benefits from the competition of the senders, and the hidden information setting
in Au and Whitmeyer (2022, Section 5.2) studies the former case and shows that

there is no symmetric equilibrium in which consumers engage in active search.

'We are grateful to an anonymous referee for suggesting the second and third motivations below.



The search setting of our model sits between the two polar cases explored in Au
and Whitmeyer (2022) as we maintain the observability of each individual sender’s
strategy while restricting the receiver’s ability to conduct directed search. Our
finding highlights that it is the ability to conduct directed search, not simply the

public observability of the signals, that drives a competitive market outcome.

Formally, we consider a model in which n symmetric senders commit to information
disclosure mechanisms. The quality of each sender’s project is either high or low. The
common prior is that the qualities are independently and identically distributed. The
receiver conducts random search, and incurs a search cost/ inspection cost to learn about
the qualities of the senders’ projects. Theorem 1 shows that in any symmetric equilibrium
of this game, each sender chooses a strategy with the lowest possible reservation value.
The receiver meets each sender ¢ with equal probability %, and invests in his project
regardless of the posterior. There is no active search, and the receiver does not benefit
from the competition of the senders, as the receiver’s expected payoff does not change

when the number of senders increases.

We show that our result persists under various extensions to our basic model, when we
incorporate a role for outside option, when each sender’s project quality follows a general
distribution, and when the senders are asymmetric. In all these extensions, we show that
there is no active search, and the receiver does not benefit from the competition of the

senders.

While our result is reminiscent of the classical Diamond paradox (Diamond (1971)),
we emphasize that our model is different. Although our receiver conducts a random
search, the receiver in our model perfectly observes each individual sender’s strategy,

including any deviations from the equilibrium (see Section 4.4 for a fuller discussion on
this).

Our paper contributes to the strand of the information design literature that studies
competitive information disclosure (with or without search frictions). Boleslavsky and
Cotton (2018), Au and Kawai (2020), Au and Kawai (2021), and Hwang et al. (2019)
analyze competitive information disclosure in settings with no search cost. Boleslavsky

and Cotton (2018) analyze a Bayesian-persuasion game with two senders, using the



observation that the incentive structure faced by a sender is similar to that of a bidder in
an all-pay auction with complete information. Au and Kawai (2020) adopt an approach
that builds upon the linear structure of payoft functions, which allows them to tackle the
more general setting with multiple senders and study the effect of the number of senders
on equilibrium disclosure policies.? They establish the unique symmetric equilibrium
in this game. As the number of senders increases, each sender disclosures information
more aggressively, and full disclosure by each sender arises in the limit of infinitely many
senders. Au and Kawai (2021) study a model of competition in which two senders vie
for the patronage of a receiver by disclosing information about the qualities of their
respective proposals, which are positively correlated. Hwang et al. (2019) solve the
competitive persuasion problem when the prior is absolutely continuous and allow firms
to set prices as well. In contrast to these papers, we model a random search market with
search frictions and show that the receiver does not benefit from the competition of the

senders.

Au and Whitmeyer (2022) study competitive information disclosure by multiple
senders with search frictions. In their model, the receiver conducts a directed search,
and the main focus is the attraction motive. They characterize the unique symmetric
equilibrium—the receiver potentially benefits from the competition of the senders. They
further consider the case of hidden signals—the firms’ signals are not directly observable
to the consumer at the outset of her search—and show that the consumer does not find
it worthwhile to actively search. In settings in which the senders choose the information
disclosure and also set a price, Whitmeyer (2021) shows that there is no symmetric
equilibria in which consumers engage in active search, if neither the signal nor the price

is observable until a consumer incurs the search cost.

Board and Lu (2018) consider a search setting in which a receiver, at a positive
search cost, sequentially samples senders who provide information concerning a common
state. In contrast, in our setting, the senders have independent proposals, and they make

disclosures simultaneously.

2Spiegler (2006) studies a closely related problem, although the motivation comes from the bounded
rationality of the consumer.



2 The basic model

We start with the basic version of the model. The model here is kept simple, at some

costs of realism, which will be addressed later.

There are n senders, each of whom is endowed with a project. They compete for the
investment of a single receiver. The quality of sender ¢’s project, denoted 6;, is either
high (H) or low (L), and is independently and identically distributed across the senders.
The common prior is that each sender’s project is of high quality with probability p.
Each sender’s objective is to maximize the probability that the receiver invests in his
project. Without loss of generality, we normalize each sender’s payoff to be 1 if the
receiver invests in his project, and 0 otherwise. The receiver’s valuation for a project is
1 if its quality is H, and 0 if its quality is L. The receiver invests in at most one project.
In the baseline model, the receiver does not have an outside option, and the receiver

always invests.
The timing of the game is as follows.

(1) At the beginning of the game, each sender ¢ simultaneously commits to an
information disclosure mechanism on the quality of his project, which consists
of a message space M; and a joint distribution on {H, L} x M;. Tt follows from
standard Bayesian persuasion arguments (see Kamenica and Gentzkow (2011)) that
each sender i chooses a distribution F; on [0, 1] with mean p. Let F denote the
collection of all such distributions. The chosen information disclosure mechanisms

are publicly posted.

(2) The receiver learns about the qualities of the senders’ projects through random
search. At each stage of the search, the receiver can stop her search and invest
in a project of any visited sender. Alternatively, she can incur a search cost of c,
visit an unvisited sender, and observe the signal realization. To avoid triviality, we

assume that ¢ < p.

We focus on symmetric pure strategy Nash equilibria in which all senders adopt
the same strategy and the receiver adopts a tie-breaking rule that treats all senders

identically.



3 Equilibrium analysis

3.1 Basics

For any F' € F, let

Hi(z) = —c + /O AP + / L dF()?

A solution to the equation Hp(z) = z exists and is unique (see Weitzman (1979)). We
denote the solution to this equation by vg, and refer to it as the reservation value of F.

It is convenient to use the following rearrangement of the equation Hp(vp) = vp:

1

c= / (x —vp) dF(x).
(o

The reservation value plays an important role in our analysis. In particular, adopting

similar arguments as in Weitzman (1979) to our setting, we have that for any strategy

profile of the senders,

(1) the receiver should continue her search if every unvisited sender uses a strategy
that has a weakly higher reservation value than the maximum sampled reward and
at least one unvisited sender uses a strategy that has a strictly higher reservation

value than the maximum sampled reward, and

(2) the receiver should stop search if every unvisited sender uses a strategy that has a

weakly lower reservation value than the maximum sampled reward.

Let FFr denote the full disclosure strategy, that is,

1—p, ifzel0,1);
FF(Q?) =

1, if v = 1.

3Notation: we use f; to denote the integral over the interval [a, b], ff_ to denote the integral over

the interval [a,b), and f; . to denote the integral over the interval (a,b]. We use F'(z) to denote the
measure on the interval [0, 2], F(z—) to denote the measure on the interval [0, z), and F({z}) to denote
the measure of the point z.



Let F denote the null disclosure strategy, that is,

0, ifz € 0,p);
Fn(z) =

1, ifx e [p,1].

It is straightforward to calculate that vy, = 1 — £ and vg, = p — c. Below we collect
p
some well-known properties of the reservation value, which will be used throughout our

equilibrium analysis.

1. ForanyFE]—',0<p—c§vF§1—l—c)<1.
2. vp = p —cif and only if F(vp—) = 0.
3. Upzl—iifandonlyifF:FF.

As a benchmark, first consider the case of a single sender. Since the receiver does not
have an outside option, regardless of the sender’s strategy, the receiver incurs the search

cost ¢ to meet the sender, and invests in his project. The receiver’s expected payoff is

p—c.

3.2 Equilibrium analysis

Theorem 1 shows that in any symmetric pure strategy Nash equilibrium (if it exists),
each sender chooses a strategy with the lowest possible reservation value. Clearly, in any

symmetric equilibrium, all senders get the same expected payoff of %

Theorem 1. Suppose that F € F. If (F,F,...,F) is a symmetric pure strateqy Nash
equilibrium, then

Vg =p—cC.

By Theorem 1, in any symmetric pure strategy Nash equilibrium (F, F, ... F), the
receiver meets each sender ¢ with equal probability %, and invests in his project regardless
of the posterior ¢; (since vp = p — ¢, F(vp—) = 0). The receiver’s expected payoff is
p — ¢, the same as her payoff when there is a single sender. In other words, there is no

active search, and the receiver does not benefit from the competition of the senders.



Here, we provide a sketch of the proof for Theorem 1; the detailed proof can be found
in Appendix B. Suppose that there exists a symmetric pure strategy Nash equilibrium
(F,F,..., F) such that vp > p — c. Step 1 - Step 4 first establish some properties that

F necessarily satisfies:

Step 1. F(vp—) # 0 (since vp > p — ¢).
Step 2. F has no jumps on (0,vp).
Step 3. F(0) = 0.

Step 4. "1 is flat on [xp, vp) for some 0 < zp < vp.?

Step 1 is straightforward. For each of Steps 2 - 4, we include a figure depicting the payoff
function induced by a violation of any of these steps for the case of two senders: Figure
1 illustrates that if F' has a jump at some z € (0,vg), then a sender could improve his
payoff using a mean preserving spread around z; Figure 2 illustrates that if F'(0) > 0,
then a sender could improve his payoff using a mean preserving contraction around O;
Figure 3 illustrates that if F' is linear on [0, vr), then a sender could improve his payoff
using a mean preserving contraction around vg. For Step 4, intuitively, F' must put no
measure just under vg, because the search cost induces a discrete jump in the payoff

function (as a function of the posterior) at the posterior vp.

For any I’ that satisfies these properties, in Step 5, we show that sender 1 could
deviate to another strategy F’ with a slightly lower reservation value than vy and places
a larger measure on the interval [vg, 1] than F' does. Such a deviation has two effects. On
the one hand, if the receiver visits the other senders before sender 1, there is a smaller
probability of eventually visiting sender 1 (since v < vg). On the other hand, if the
receiver visits sender 1 and has a posterior on [vg, 1] (which has a higher probability
under F”), then she will stop search. Since F' must put no measure just under vg (as
shown in Step 4), we can construct an F” such that the second effect dominates the first

one.

4The arguments for these steps parallel those in Au and Kawai (2020). In the setting with no search
costs, they show that a strategy profile is an equilibrium if and only if the induced payoff functions
(of posterior distributions) exhibit a particular linear structure, and they then use this structure to pin
down the unique symmetric equilibrium. The detailed arguments differ from theirs as we consider search
costs. For completeness, we include the detailed arguments for the first four steps.
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Figure 1: The figure on the left depicts an F' that has a jump at some z € (0, vp), and the
figure on the right depicts the payoff function of sender 1. (for the case of two senders,
for illustration purposes only).
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Figure 2: The figure on the left depicts an F with F'(0) = 0, and the figure on the
right depicts the payoff function of sender 1 (for the case of two senders, for illustration
purposes only).
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Figure 3: The figure on the left depicts an F' that is linear on [0,vr), and the figure
on the right depicts the payoff function of sender 1 (for the case of two senders, for
illustration purposes only).



Theorem 1 shows that in any symmetric pure strategy Nash equilibrium (F, F, ... F)
(if it exists), it must be that vp = p — ¢. Having said that, we note that such an
equilibrium might not exist. Proposition 1 below provides some necessary conditions
and also some sufficient conditions for the existence of such an equilibrium. To pin down
further necessary conditions, our analysis involves the search behavior of the receiver

when one of the senders deviates to the following distribution

1_1C _i(p_liy) lfI’E[O,y),

Fy(r)=4q1- < if z €[y, 1);

1 if v =1.

for some y € [p — ¢, 1 — ] while the other senders continue to use F' (with vp = p —c).

Suppose that there are k — 1 unvisited senders (k < n), where one of the senders uses
F, and the other k£ — 2 senders use F' (with vp = p — ¢). We show in Appendix A that
there exists a cutoff ¥, (F),) (¢x(y) in short) such that the receiver continues her search

if and only if the maximum sampled reward is less than ¥ (y).

Proposition 1. Suppose that F' € F and vp = p — c.
(1) If (F\F,...,F) is a symmetric equilibrium, then

n—1

1+ Z HlSjSkF(wn—j+1(x)) <

k=1

X

p—-c
forallz € [p—c,1-7).

(2) If F satisfies the following:

n—1

1+ZFk(a:) <

—C
k=1 p

X

forallx €p—ec,1— ﬁ), then (F,F,...,F) is a symmetric equilibrium.’

SWhen there are two senders, by working with the particular deviation strategy Fy(x), we can show
that the necessary conditions and sufficient conditions coincide (as ¥2(z) = x). We proceed to work
with this particular deviation strategy Fy(x) in the case of more than two senders, but generally there
is a gap.

10



The conditions in Proposition 1 provide some understanding of when a symmetric
pure strategy Nash equilibrium does not exist.® Plainly, there are two sets of requirements
on F'| because F' has to satisfy the conditions in Proposition 1 (which implies a lower
bound on the mean) and also needs to be a feasible strategy (with mean p). Sometimes,
such an F' does not exist. For example, consider the setting with two senders and suppose

that p < 0.5.7 For (F, F,..., F) to be an equilibrium, we need

T
p—c

-1

F(z) <

forallz € [p—c¢,1 — ]93) But the mean of any such F is at least

2(p—c) T 3
 d( -1)=cp-o.
/p'—c p—¢C 2

Thus, for equilibrium existence, we would have to have that %(p— c¢) < p, or equivalently,
p < 3c. If p > 3¢, then a symmetric pure strategy Nash equilibrium does not exist. We

provide a discussion for the case of n senders in Appendix C.

It is also clear from Proposition 1 that the conditions are more stringent and hence
the lower bound of the mean of any distribution that satisfies these conditions gets larger

when there are more senders.

Remark 1. (The degenerate distribution on the prior) The degenerate distribution on
the prior p, even though it induces the minimal reservation value, is not necessarily an
equilibrium. For a simple example, suppose that there are two senders, p = 0.5, and
¢ = 0.2. The degenerate distribution on the prior induces the reservation value of 0.3. If
both senders use the null information disclosure policy, then each sender gets an expected
payoff of % Now suppose sender 1 chooses the strategy that puts probability ;—é on {0},
probability & on {0.52}, and probability = on {1}. It is straightforward to calculate
that the reservation value of this distribution is 0.52 and sender 1’s payoff following this

6Tt is clear from Proposition 1 that the conditions are more demanding when there are more senders.
We conjecture that given any parameter (p,c), there is a cutoff @ such that when n < 71, a symmetric
pure strategy Nash equilibrium exists in which there is no active search; when n > 7, only mixed strategy
Nash equilibria exist in which there is active search and benefit of increased competition, paralleling the
results in Au and Whitmeyer (2022).

"The calculation of the lower bound of the mean would be different if p > 0.5.

11



deviation is %. Hence, the new strategy is a profitable deviation for sender 1.

It is also easy to see that the degenerate distribution on the prior p violates the

following necessary condition in Proposition 1:

T
p—c

1+ F(x) <

forallz € [p—c,1— g) For example, for the degenerate distribution on the prior p, for

r=05,1+F(0.5) =2> 255 =355

4 Extensions

Theorem 1 shows that, in our basic model, there is no active search and the receiver
does not benefit from the competition of the senders. In this section, we study various
extensions to our basic model and show that our main result persists. Section 4.1
incorporates the role of an outside option. Section 4.2 considers the case of a general
distribution. Section 4.3 analyzes the case of asymmetric senders. Lastly, in Section 4.4,

we compare our model with the Diamond paradox.

4.1 OQOutside option

Our analysis can be readily extended to the case in which the receiver has an outside

option ug. Clearly,

(1) if ug < p — ¢, then our analysis in Section 3 remains unchanged; and

(2) if ug > 1 — £, then the receiver will not search at all.
In what follows, we consider the case in which ug € [p — ¢, 1 — }—i]

Suppose that there is only one sender. As in the Bayesian persuasion literature, we
break ties in favor of the sender; that is, the receiver continues search if the reservation

value of the sender’s strategy equals ug, and invests in the sender’s project if the realized

8Also by Proposition 1, we can easily verify that the following is a Nash equilibrium: each sender
uses the strategy that puts probability % on 0.4, probability % on 0.5, and probability % on 0.6.

12



posterior is ug. Without loss of generality, the sender uses a strategy with a reservation
value that is at least ug. It is easy to verify that, if the sender uses a strategy with a

reservation value v > ug, then the highest payoff of the sender is

C I P— 1= :
1—w Ug
which is decreasing in v, by using a strategy that places probability = on 1, p_uloj on

ug, and the remaining probability on 0. Thus, the sender would choose a strategy with
the reservation value ug. The receiver incurs the search cost ¢ to meet the sender, and
invests in his project if and only if the realized posterior is weakly higher than ug. The

receiver’s expected payoff is uq.

Now suppose that there are n > 2 senders. Using similar arguments as in the proof
of Theorem 1, we can show that in any symmetric equilibrium (F, F,..., F), vp = uy.
Thus, the receiver’s expected payoff is ug, the same as her payoff when there is a single

sender. The receiver does not benefit from the competition of the senders.

4.2 General distribution

In the basic model, we assume that the quality of each sender’s project takes only two
values, high or low. Here, we consider the case in which the quality of each sender’s
project is drawn according to an atomless distribution function H with mean p and
supp(H) = [0, 1] independently and identically across the senders. The receiver’s payoff

is @ if the receiver invests in a project with quality 6.

Following standard Bayesian persuasion arguments (see Kamenica and Gentzkow
(2011)), each sender i chooses a distribution F; that is a mean-preserving contraction
(MPC) of H. Let F denote the collection of all such distributions. For any F' € F, let
v be such that

c:/l(x—vp)dF(x).

UF

Clearly, p — ¢ < vp < wvy.

13



Theorem 2. Suppose that F' € F. If (F,F,...,F) is a symmetric equilibrium, then
vp =p—c.

By Theorem 2, in any symmetric equilibrium (F, F) ..., F), the receiver meets each
sender ¢ with equal probability %, and invests in his project regardless of the posterior
q¢i (since vp = p — ¢, we have F(vp—) = 0.). There is no active search, and the receiver

does not benefit from the competition of the senders.

4.3 Asymmetric senders

So far, our analysis focuses on the case of symmetric senders, and we show that there is
no active search and the receiver does not benefit from the competition of the senders.
The readers might wonder whether this still holds if the senders are asymmetric. In
this section, we study the Nash equilibrium in a settings with two asymmetric senders.”
There are two senders ¢ = 1, 2. The quality of each sender ¢’s project, 6;, is either H or L.
Sender 1’s project is H with probability p;, and sender 2’s project is H with probability
p2. The receiver’s valuation for a project is 1 if its quality is H, and 0 if its quality is L.

Without loss of generality, we assume that p; > ps.

To assess whether the receiver would benefit from the competition of the two senders,
we would have to first establish a benchmark of the receiver’s expected payoff in the case
of a single sender. A natural benchmark to use is ’% — c. Intuitively, this is the
receiver’s expected payoff when there is a single sender, who is drawn from the two

senders with equal probability.

Theorem 3. (1) If (Fy, F») is a Nash equilibrium, then

(G) Vp, = P2 — C,

(b) F; concentrates on [vg,, 1] with i # j, and

(¢) 14+ Fy(z) < = forallz € [pr —c,1— %),

p1—c¢

2F)(x) < =2 for all x € [ps — ¢,vp, ), and

p2—c¢

9The analysis of asymmetric senders for competitive information disclosure settings is in general a
daunting question. For tractability, we focus on the case of two asymmetric senders.

14



1+ Fi(z) < S5 forallx € g, 1 — 7).

p2—c

(2) If (F, Fy) satisfies the following:

(a’) Vg, = P2 — €,

(b) F; concentrates on [vg,, 1] with i # j, and

(c) 14+ Fy(x) < = forallx € [p1—C71—p£1); and

p1

1+F1(x)§zﬁforallxe[p2_c’1_p%);

then (Fy, Fy) is a Nash equilibrium.

By Theorem 3, in any equilibrium (F}, F3), F; places no probability on the interval
[0,vE,), and vice versa. Thus, the receiver meets each sender ¢ with equal probability %,

and invests in his project regardless of the posterior ¢;. The payoff of each sender is 2

27
and the receiver’s expected payoff is % —c. There is no active search, and the receiver

does not benefit from the competition of the senders.

Remark 2. (Equilibrium existence) As in the case of multiple symmetric senders, a pure
strategy Nash equilibrium might not exist. Theorem 3 provides necessary conditions and
also sufficient conditions for the existence of such an equilibrium. For example, Theorem
3 says that for (Fy, F,) to be a Nash equilibrium, it must be that F, concentrates on
[vp, 1]. This cannot hold if, say, p; — ¢ > py. In other words, the existence of the
pure strategy equilibrium crucially relies on the perturbation from homogeneity being

sufficiently mild.

4.4 Discussion and comparison with the Diamond paradox

In this subsection, we study a direct analogy of our model in the more familiar setting
in which two firms compete by choosing prices. We show that in this setting, when
the consumer perfectly observes each firm’s price, including any deviation from the
equilibrium (in line with the random search model considered in this paper), the
monopoly outcome may not be an equilibrium.!® This exercise highlights that our model

is different from the Diamond paradox.

0We are grateful to the referees for suggesting this discussion.
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Consider a simple setting with two firms, each selling a product that yield value 1 to
the consumer, who has an outside option of value 0. The marginal cost of production
for both firms is 0. The search cost is ¢ € (0, 3), which is (following the literature) only
incurred if the consumer visits the second firm (so visiting the first firm is free). The
Diamond paradox result says that the unique equilibrium is for the firms to obtain the

monopoly outcome: both charge a price of 1 and extract all of the surplus.

Now suppose that the prices posted by the firms are publicly observable, but the
consumer can only conduct a random search. It is easy to see that the monopoly outcome
is not an equilibrium. Indeed, suppose that the monopoly outcome is an equilibrium.
On the equilibrium path, both firms get an expected payoff of % Firm 1 could deviate
to charging the price of p; = 1 — ¢ — € for some sufficiently small ¢ > 0. As € — 0, firm
1’s expected payoff following the deviation converges to 1 —c¢ > % This contradicts that

the monopoly outcome is an equilibrium.
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A Search behavior of the receiver

In this section, we study the optimal search behavior of the receiver in the following
scenario: there are k — 1 unvisited senders (k < n), where one of the senders uses the

following distribution

-5 -2 —15) ifzel0y);

Fy(r)=4q1- < if x € [y, 1);

1 ifx=1.

for somey € [p—c,1— i] while the other senders continue use the same strategy F' with
vp = p —c.'! Let z denote the maximum sample reward (where x > p — ¢). In this
section, we pin down the search behavior of the receiver in this scenario. In particular,
we show that there exists a cutoff 1, (y) such that the receiver continues her search if

and only if the maximum sampled reward is less than 1 (y).

Y1t is straightforward to verify that vy, = y.
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It follows from Weitzman (1979) that the receiver should stop search if the maximum
sampled reward x is weakly higher than the reservation value of vp,. In what follows,

we assume that z < vp,.

We proceed by induction. Suppose that k£ = 2. That is, there is only one unvisited

sender, and this sender uses Fj. Let

VlelF) = 1= = 2= Tt [T S - ) v

=(1- P=
denote the receiver’s expected payoff conditional on continuing search and let
Wy(z|Fy) = max{z, Va(z|F,)}

denote the receiver’s maximum expected payoff when the receiver optimizes her search
decision. That is, the receiver compares the value of z and Vi(x|F,) when deciding
whether to continue search. Let ¢9(F},) = y. Since Va(vo(Fy)|F,) = 2(Fy), Ya(Fy) =y

is the level of the maximum sampled reward such that the receiver is indifferent.
For k = 3,4,...,n, we define Vj(z|F,), Wi (z|F,), and ¢ (z) inductively. Let

1

Vi(z|F,) = —— {(1 i

k—2 (!
Jx +p +—/ Wi—1(max{x, z}|F,) dF(z) — ¢
k-1 k—1/, .

denote the receiver’s expected payoff conditional on continuing search,'? and let
Wi(z|Fy) = max{z, Vi(z|F,)}

denote the receiver’s maximum expected payoff when the receiver optimizes her search

decision. That is, the receiver compares the value of x and Vi(z|F,) when deciding

12There are two cases to consider. (1) The receiver visits the sender who uses F’ with ﬁ probability.
Then the receiver stops search and gets a payoff of x if the posterior of Fy, is 0 (recall that z > p—c = vp),
and the receiver stops search and gets a payoff of y (resp. 1) if the posterior of F), is y (resp. 1) (recall
that y > p—c =vp). (2) With the remaining probability, the receiver visits one of the senders who use
F.
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whether to continue search. Let ¢ (F),) be such that

1 p—c

Yi(Fy) = 1 (1- »

VUr(Ey) —|—p} + % / Wi—1 (max{yy(Fy), z}|F,) dF (2) — c.

Clearly, Vi.(v(Fy)|F,) = ¥r(F,), and ¢y (F),) is the level of the maximum sampled reward
such that the receiver is indifferent. Lemma 1 below shows that Vj(z|F)) is continuous

in x, and such a fixed point ¢ (F)) exists and is unique.
Lemma 1. (1) Vi(x|F,) is continuous in x, and a fived point exists for Vi(x|F,).
(2) Vi(x|F,) — x is strictly decreasing in x.

(3) There exists a unique Yy (Fy,) such that Vi(vr(EF,)|Fy) = ¥i(F,).

Proof. (3) follows immediately from (2). In what follows, we adopt an induction
argument to show that (1) and (2) hold for any £ < n. Recall that Va(z|F,) =
(1 = E5%)z+p—c. Thus, (1) and (2) are clearly true when k = 2.

Suppose that (1) and (2) are true for some k = k’. We process to show that (1) and
(2) hold for k = k' + 1. Since Vj/(x|F),) is continuous in z, we have Wy (z|F,) is also
continuous in x, which further implies that Vi i1 (x|F),) is continuous in x. It is easy to

calculate that

1 p—c E—1 !
Vi (p = el Fy) =5 (1 = T)(p—C) to| Wi (max{p — ¢, z}|F,)) dF'(z) — ¢
p—c
1 F—1 (!
>?-p+ i /p_chF(Z)—C
:p—c
and
1 —c -1 [
Vi1 (1|1 Fy) =% {(1 _ L ; )1 —|—p] +— / Wi (max{1, z}|F,) dF(z) — ¢
p—c
1 E—1 (!
Sy.l—l— 7 /p_cldF(z)—c
=l—-c
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<1.

Thus, there exists some z* € (p — ¢, 1) such that Vj4q(2z*|F,) = z*. This proves (1) for
k=kK+1.

For 2’ > x, we have

Wc’+1(x/|Fy) — V(x| Fy)

1 p—c K

== -9+ — 1{/picwk«max{x’,zHFy)dF(z)— /p;Wk«max{x,z}le>dF<Z>}

< -y [(ka (Fy) = Wal E)F(@) + [ (Wel!|F) = Wiro| ) dF ()
<o~y + o E )
<z’ —u,

where the second inequality holds since for any z € [z, 2],
Wi (2| E,) — Wi (2| F,) = max{z', Vi (¢'|F,)} — max{z, Vir(2|F,)} <2’ —z <2’ — .

This proves (3) for k' =k + 1. O

B Proofs of Theorem 1 and Proposition 1

We first consider the case in which vp > p — ¢, and show that there is no symmetric
pure strategy Nash equilibrium in this case (Theorem 1).!* We then consider the case

in which vp = p — ¢ (Proposition 1).

[

Case I: p—c < vp <1-— o Step 1 - Step 4 below establish properties that

F' necessarily satisfies. Step 5 shows that sender 1 has a profitable deviation, which

13In the case of two senders, since the two senders play a zero-sum game, this further implies that there
is no (symmetric or asymmetric) equilibrium in which the reservation value of some sender’s strategy is
greater than p — c. To see this, suppose that (F7, F3) is a Nash equilibrium where vg, > p — ¢ for some .
By symmetry, (F, F1) is also a Nash equilibrium. The inter-changeability property of zero-sum games
(see Osborne and Rubinstein (1994, Proposition 22.2)) implies that (F;, F;) is a Nash equilibria.
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contradicts that (F, F, ..., F') is a Nash equilibrium.
Step 1. Since vp > p — ¢, F(vp—) # 0.
Step 2. F has no jumps on (0,vr).

Suppose to the contrary, F' has a jump at some z € (0,vr). We show that there
exists a profitable deviation for sender 1, which contradicts that (F, F,..., F') is a Nash

equilibrium.
Let G = G + G5 where

1. G is a finite measure with total measure 1 — F'({z}) such that G;(A) = F(A) for
any A C [0,2) U (z,1], and

2. Gy is a finite measure with total measure F'({z}) such that

Gol{z = neh) = — = F({=}) and Gy({z + }) = — = F({=)),

where € > 0 is sufficiently small such that 0 < z —ne < z < z 4+ € < vp.
Clearly, GG is a probability measure, and has the same mean and reservation value as F'.
The difference of sender 1’s expected payoff under G and F' is at least (in the first

line below we break ties against sender 1 for the calculation of sender 1’s payoff at the

two posteriors z — ne and z + €)

D (2 = n0=) + = FEDF (2 4 0)-)

FE) 3 [t e P

i U1 —G—1)

which converges to

PN [ ) O )

— PUP [ P em) + g P e - 3 P )
1 n—1 n—1 o
> P [F (2)— F (z—)} >0
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0 ¢ VR 1— /e 1

Figure 4: F' and Fin Step 3 of the proof (for illustration purposes only).

as € — 0.
Step 3. F(0) = 0.

Suppose to the contrary, F/(0) > 0. We show that there exists a profitable deviation
for sender 1. For sufficiently small € > 0, let xy and €' be such that

X=F0)+—— — —— and x- ¢ + —————(1— /e

l—vp 1—€—vp l—e—vp

C

:1—UF.

Since € — 0 as € — 0, we can choose € such that 0 < x < F(0) and 0 < € < vp <
1 — /e < 1. Consider the following distribution F (see Figure 4):

Fz) = F0), if 2 €10, €);
;- F(z) — F(0 + X, ifxe 6/,1} ;
Fle) = (z) = F(0) €', vr)
15— F0) +x =1—- =5, ifzelop,1—/6);
1, it e [1— /e 1.
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F" and F have the same mean, since

/ledf?(x) - /ledF(a:)

1
C C
:X-€/+(1—1_UF—F(’UF—))‘UF—l—m'(l—\/g)—/vadF(ﬂﬁ)
__°c +(1- < — F(vp—)) - v —/1xdF(:c)
—1—UF 1—op F r vp
:07

where the last line uses the definition of the reservation value.

Since
/ (CL’—UF)dF(ZL‘)—C:ﬁ'(l—\/E—UF)—C<O
and
/ (:c—(vp—i-e—\/z))dﬁ’(:c)—c:/w (m—(vp+e—\/2))dﬁ(a:)>0,
vpte—y/€ vpte—y/€

we have vp + € — /e < vp < vp. Thus, as € — 0, v — vp and F(vp) — F(op—).

Furthermore, 0 < € < vz < wvp <1 — /e <1 for € > 0 sufficiently small.

The difference of sender 1’s expected payoff under F and F is at least

X EN) — F(O)- - 0)
4 / o P (@) dF () - / ) dP)
(- F(UF—))% S Frup) — (1- F(UF—>)% = (),

since

(1) in the first term of the second line, for the calculation of sender 1’s payoff at any
posterior ¢; € [vg, vp—), we only include the scenario in which the receiver visits
sender 1 first (which happens with probability %) and all senders other than sender

1 have posteriors less than ¢;, and
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(2) in the first term of the third line, for the calculation of sender 1’s payoff at any
posterior ¢; € [vr, 1], we only include the scenarios in which all senders other than

sender 1 have posteriors less than v.

This lower bound converges to ”T’lF "(0) > 0 as € — 0. Thus, sender 1 has a profitable

deviation.
Step 4. F™~1 is linear on [0, zF] for some 0 < xy < vp and flat on [xp,vF).

Since F'(0) = 0 and F has no jumps on (0, vg), the payoff of sender 1 at any posterior
q1 € [0,vp) is F""1(q;). Thus, F"! has to be linear on [0, zr) for some 0 < xr < vp
and flat on [zp,vr). Otherwise, sender 1 could do a mean-preserving spread or a mean-
preserving contraction on [0,vr) without changing the reservation value to obtain a
higher payoff. Next, we show that zr < vp. Since sender 1’s payoff at the posterior vg
is % Z;; F*(vp—) > F"Y(vp—), the payoff of sender 1 has a jump at the posterior vp.
Thus, if F*~! is linear on [0, vr), sender 1 could do a mean-preserving spread on [0, vp]

without changing the reservation value to obtain a higher payoff.
Step 5. Sender 1 has a profitable deviation.

Let ¢ denote the slope of F"~! on [0, zF], and let ¢ = qﬁ. Consider the following
strategy F' (see Figure 5):

0, if x € [0,y);
i(x —y), if @ € [y, xp);
F'(x) = G(zrp — y)ﬁ, if x € [xp,vp);

jxp—y)»71 +k, ifzx€vp,1);

1, if =1,

\

where y > 0 is sufficiently small, and

5 _n_ N _1 N _1
Haop—y)n T+ qyler —y)» T +1—=Gzp —y)=1 —p
1—’UF

such that the mean of F” is p.
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0 vy xF (& 1

Figure 5: F™ ! and (F’)"! in Step 5 of the proof (for illustration purposes only).

We claim that

§ _n_ ~ 1
p—c—tHap—y) T —qylzp —y)n T
Vpr = 1

1—qlap —y)mT

for y > 0 sufficiently small. This is because (1) v < vy and vpr — vp as y — 0, and

(2) vpr satisfies that

1

ke (vp—vp)+ (1= qzp —y)™ — k) - (1 —vp) =c

Pick y sufficiently small such that 0 < y < zp < v < vp. Thus, both F' and F’

have zero measure on [vg, vr), and sender 1’s expected payoff by using F” when all the

4To see this, note that

n—1

i . ) i
—c—Y(pr —)n-1 — Guy(xr —y)n—1 —c— 94
o = 2 5 (ZF —y) alzr =yt _p nTE

1—g(zp —y)™ 1—Gop

for y > 0 sufficiently small, where the inequality is because the derivative of vps (viewed as a function
of y) is negative at y = 0, and the last equality follows from

1 TF 1 4 _mn _1
/ xdF(w):/ xdF(;zc)—i—/ :vdF(x):gx;’l +op-(1—qep ' )+c=p
0 0 VF n

(recall that F™~! is linear on [0,z x| with slope ¢ and flat on [zp,vF)).
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other senders use F'is

k=0
n—1
n, n 1 N 1 1 ~k %
=—q"(xr —y) 1 +"y(xr —y)» T + (1 —G(zp —y)»7) S22 0TE
k=0
1 n-— T L2, R
=—+ ¢"y(ep —y)= + —qep " — (e —y)=7) ) qrwp
k=0
1
> -
n

Thus, sender 1 has a profitable deviation. This completes the analysis of Case I.
Case 1I: vp = p — ¢. We now consider the case in which vp =p — c.
Step 6. If (F,F,..., F) is a symmetric equilibrium, then

n—1

1+ Z HlSJSkF(¢n—j+1(x)) <
k=1

T
p—cC

forallz €p—c,1-7%).

Suppose to the contrary, there is some z* € [p — ¢,1 — £) such that

p
n—1 *
L+ Y ThgjenF(nja (@) > pa—
k=1

Since F' is right continuous, there exists some y € [z*,1 — £) such that I is continuous

at {¥a(y), ¥3(y), - .-, ¥nly)} and

n—1

1+ Z M<jcrF (Yn-jra(y)) >
k=1

y
p—c
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Let

1 - 1fy_i(p_ 1Ey) ifze [Ovy)7
Fyr)=141- lfy if x € [y, 1);
1 ifx=1.

Clearly, F,, € F and vp, = y. Sender 1’s payoff by using the strategy F, when the other

senders use the strategy F is'®

1 1
_+_
non

P C

Y _1

y y}HETE n’

. +1@— Cﬂ

-y gy -y

n
k=

1
H1<j<kF(wnj+1<y))] >
1

Thus, sender 1 has a profitable deviation. We have a contradiction.

Step 7. If

n—1

1+ Ffx) <

k=1

T

p—cC

forallx €p—ec,1— }99), then (F, F,..., F) is a symmetric equilibrium.

We show that none of the senders has a profitable deviation. By symmetry, we only
show this for sender 1. Since vp = p — ¢, we have F(vp—) = 0. If sender 1 deviates to
C

some F' with vp € [p— ¢, 1 — 5), then his payoff is at most

n—1

/ o % S Fr(2) dF'(z) + / % S FH(up) dF/(2)

F

[ g / T
m [p—/vilxdF'(x)—l—/v; vpr dF" ()

IN

S|

since for both terms in the first line we relax the calculations in two aspects: (a) the

5There are n cases in which the receiver visits sender 1. In the k-th case (1 < k < n), the receiver visits
k —1 other senders before visiting sender 1. The probability of the first case is % The probability of the
(k+1)-th case taking into account the optimal search behavior of the receiver is 1111 < ;< F(—j11(y))
(see Appendix A).
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receiver always continues searching if sender 1 has not been visited and the maximum
sampled reward so far is weakly less than vg; (b) the receiver always invests in sender
1’s project whenever there is a tie. If sender 1 deviates to F” with vpr =1 — g (that is,

F" = Fp), then sender 1’s payoff is at most

n—1

1 VEn 1

— Fk 1" < _— =,
[Z o )] =

Thus, sender 1 does not have a profitable deviation.

C Further discussions on equilibrium existence

Suppose that there are n senders. We study whether there is a feasible F' that satisfy
the sufficient condition for (F, F,...,F') to be a Nash equilibrium. That is, we ask if
there is a feasible F' such that

forallz € [p—c,1— Z—C)) We note that any such F satisfies that vp = p — ¢, since I’ puts

no measure on [0,p — ¢).

Let
Z=min{n-(p—c),1 — E}
p

Fix some z € [p — ¢, &). Clearly, 1 < -5 <. Consider

Note that the left hand side is strictly increasing in y for y € [0,1], is 1 when y = 0
and n when y = 1. Thus, there is a unique solution within [0, 1] such that the equation

holds. Let y,(x) denote this unique solution.

It is clear that y,(z) is increasing in x, and decreasing in n. In general, it would be
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tedious to specify the solution y,(x), if possible at all. We extend the definition of y,, ()
by letting it be 0 for x € [0,p — ¢), and 1 for = € [Z,1]. Then y,(z) is a distribution. If

1
/ rdya(z) < p,
p—c

then a feasible F' with the mean p exists, which satisfies the condition that for any

[L’G[p—C’l—;), X

1+) Fiz) <

— C.
k=1 p

T

We further note that when n is large, z =1 — g. As y,(x) is decreasing in n, for any

rE€p—c1l— ]9]), Yn(x) = 0 as n — oo. That is, y,(x) will put more probability above

1— ]ﬁ, implying that it is more difficult to satisfy the mean constraint.

D Proof of Theorem 2

Clearly, in any symmetric equilibrium, all senders get the same expected payoff of %

We show that there is no symmetric equilibrium in the case in which p—c < vp < vg.
Suppose to the contrary, there exists such a symmetric equilibrium (F, F, ...  F). Step
1 - Step 4 below establish properties that F' necessarily satisfies. Step 5 then shows
that sender 1 has a profitable deviation, which contradicts that (F, F, ..., F) is a Nash

equilibrium.
Step 1. Since vy > p — ¢, we have F(vp—) # 0.
Step 2. Since H is atomless and F' is an MPC of H, we have F(0) = 0.
Step 8. F has no jumps on (0,vg).

Suppose that F' has a jump at some z € (0,vr). We show that sender 1 has a
profitable deviation, which contradicts that (F, F,..., F') is a Nash equilibrium. Let
F = FE; + E5, where

1. Ej is the restriction of F on [0, z) U (z, 1] (that is, F; is a finite measure with total
measure 1 — F'({z}) such that Fy(A) = F(A) for any A C [0,2) U (z,1]), and
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2. Fjy is the restriction of F on {z}.

Since F'is an MPC of H, H can be decomposed as H = H; + H, such that E; is an
MPC of H; for j = 1,2. Note that

/[01] rdHy(x) = /[01] rdEy(z) = z- F({z}), and Hy([0,1]) = E5([0,1]) = F({z}).

Since Fj is an MPC of Hy and Hy is atomless (since H is atomless), Hy([0,2)) > 0.
For any 0 < € < Hy([0, 2)), let x, := sup{z : Hy([0,z]) < €}. Let ES be such that

1. ES(A) = Ho(A) for any A C [0,z ], and

2. On the interval (z., 1], ES concentrates on the point z¢ = xdHy(x)

1
HQ((zﬁvl]) f(xﬁvl]
with measure Hy((x., 1]).

By construction, 2¢ > z. Furthermore, as ¢ — 0,

Hs((e,1]) — Hy([0,1]) = F({z}), 2 — z, and 2 < vp.

Define a probability measure F° := E; + ES. By construction, F° is an MPC of H
and has the same reservation value as F'. Sender 1’s expected payoff from F¢ while all
the other senders use F' converges to v as € — 0, where v is sender 1’s expected payoff

in the following hypothetical scenario:

e All senders choose the same strategy F'. The receiver adopts a tie-breaking rule
that treats all senders identically except when the posterior for sender 1 is z, in

which case the receiver always chooses sender 1 when resolving the tie.

Since F({z}) > 0, we have © > . Thus, sender 1 has a profitable deviation.
Step 4. F™ 1 is flat on [xp,vr) for some 0 < xp < vp.

Suppose to the contrary, F™~! is not flat on [z, vr) for any x < vp. For some z < vp

that is sufficiently close to v, let y, be such that

/yz xdF(x) =vp - F([z,v.]).

Clearly, y, > vg. Consider an MPC of F', denoted F, as follows.
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1. F, and F coincide on [0, 2) U (y,, 1], and

2. F., concentrates at vy with the finite measure F([z,y.]).

Since F), is an MPC of F, vy, < wvp. We claim that vg, > 2. If vp, < z, then

/[vF’l](a:—vp) dF(z) =c= /[quz,l}(x_UFZ)sz(m) Z/ (2 — v ) dF.(x)

[2,1]

= rdF(x xdF(x) —vp, - F.(|z,1
/[W) <>+/M () (1)

> v, -F([Z,UF))+/ rdF(z) —vg, - F.([2,1])

[val]

g /[UF 1]mdF(x) — VR, - F([UFv 1])7

implying that vp, > vp, which contradicts with vp, < vp. Thus, vy, > 2.

By adopting F, when all the other senders choose F', sender 1’s expected payoff is at

least

/ F" Y z)dF(z) + (1 - F [%HX:F’CUFZ]

[0,2) k=0
>/ FrHz)dF(z) + (1 — F([0,2)) [% ; FF(z)
— 1P (= PO

1

Thus, sender 1 has a profitable deviation, which contradicts that (F, F,..., F) is a

Nash equilibrium.

Step 5. Sender 1 has a profitable deviation.
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Consider an MPC of F', denoted F’, as follows.

0, if x € [0,y);
Fla) = F(z) = F(y), ifzelyvp);

F(v), if v € [vp,D);

F(x), if x € [v,1];

where F'(y) > 0 is sufficiently small and v is such that

vF~(F(@)—(F(UF)—F(y))):/[O )xdF(x)—i—/ rdF(x).

[UF 76)

Since I’ is an MPC of F, we have vpr < vp. Furthermore, v — vp as y — 0. Thus,

for sufficiently small y > 0, v > xp, and F' has no measure on the interval [vp, vp).

Sender 1’s expected payoff by using F’ when all the other senders use F' is

%ZF%F—J

/UF/ F'Ya)dF'(z) + (1 = F'(vp—))

_ /vF' F* V(@) dF(z) + (1 — F(up—) + F(y)) %Zpk(w—)

[ P@are) - [P @ar@) + (- Flees) + F)

0

5> F’“@F—)] - [ @ are)

+ F(y) i

S S

This completes the proof of Theorem 2.

32



E Proof of Theorem 3

We classify our analysis into three cases. We first show that there is no Nash equilibrium
when vp, < vp, (Case I) or when vy, = vp, (Case II). We then consider Case III in

which vp, > vp,.
Case 1. Suppose that there exists a Nash equilibrium (F}, F,) such that vg, < vp,.
Step 1. Fi((x,vg,)) > 0 for any x € (vp,vp,).

Suppose to the contrary, there exists some z € (vp, vg,) such that Fi(z,vg,) = 0. We
claim that sender 2 has a profitable deviation. Indeed, we construct the strategy F; by
performing a MPC of F, that shifts a sufficiently small probability on [0, vg, ) and (vg,, 1]
to the point {vg,}. Clearly, z < vp; < vp,, and sender 2 obtains a higher expected payoff
by using Fj.'6

Step 2. Fy has no jump on (vp,,vpg,).
Suppose to the contrary, Fi({z}) > 0 for some z € (vg,, vp,).

1. It must be that Fy({z}) = 0, as otherwise sender 2 could benefit by performing a

mean-preserving spread at the posterior z.

2. Furthermore, if F5((a,b)) = 0 for some open neighborhood (a, b) of z, then sender 1
would like to split the mass at z to {%32} and {vp, } so that he could obtain a higher
payoff. Thus, F5((a,b)) > 0 for arbitrarily small open neighborhood (a, b) of z.

3. But then sender 2 could obtain a higher payoff by choosing a mean-preserving

contraction on (a, b) so that the concentration point is z + €.

Step 3. Fy has no jump on (vp,,vpg,).
Suppose to the contrary, Fy({z}) > 0 for some z € (vg,, vg,).

1. It must be that Fi({z}) = 0, as otherwise sender 1 could benefit by performing a

mean-preserving spread at the posterior z.
6Note that

VR, > Up, > p1 — ¢ > pa2 —c = F5([0,vp,)) > 0 and F>((vm,,1]) > 0.
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2. Furthermore, if F((a,b)) = 0 for some open neighborhood (a, b) of z, then sender 2
would like to split the mass at z to {%32} and {vg, } so that he could obtain a higher
payoff. Note that sender 2’s payoffs at z and “TJ“Z are the same, while the payoff at
vp, is higher than the payoff at z since F}(a,vg,) > 0 for any a € (vg,vg,). Thus,
Fi((a,b)) > 0 for arbitrarily small open neighborhood (a,b) of z.

3. But then sender 1 could obtain a higher payoff by choosing a mean-preserving

contraction on (a,b) so that the concentration point is z + €.

Step 4. On (vp,vE,), F1 and Fy have the same support.

If there exists (a,b) Nsupp(Fz) = 0 but Fi(a,b) > 0, then sender 1 can strictly benefit
by a mean-preserving spread, which puts all the measure on (a,b) on the two points a

and vp,.

If there exists (a,b)Nsupp(F;) = 0 but Fy(a,b) > 0, then sender 2 can strictly benefit
by a mean-preserving spread, which puts all the measure on (a,b) on the two points a

and vp,.
Step 5. On (g, vE,), both Fy and Fy are linear.

If not, some sender could do a mean-preserving spread or a mean-preserving

contraction to obtain a higher payoff.
Step 6. Sender 1 has a profitable deviation.

Suppose that Fi(z) = a1z + by and Fy(z) = agsx + by for © € (vp, vg,). For sender 1,
we consider a mean-preserving spread on (vg, — €, vp,) by concentrating the measure on

vp, — € and vp,.

The expected payoff of sender 1 based on this part of measure before the spread is

/F (%Fz(rc) + %ﬁg(vﬂ_)) aF,(2)

Fy—€

_ %Fl(% evp)- K%FQ(WQ o+ %FQ(UF1—>) + GFZ@FQ—) 4 %Fz(vm—)ﬂ |

34



The expected payoff of sender 1 based on this part of measure after the spread is

%Fl(vp2 — €,Up,) - K%Fz(vpb —€) + %F2(UF1_)) + (% + %F2(UF1_))}
1

=5 1(vE, — €, VR,) - [(% 5 (v, — €) +% 2(UF1—)> + (% > (VR —) +% 2(UF1—))] :

The payoff of sender 1 at any other posterior is unchanged. Thus, sender 1 has a

profitable deviation, which contradicts that (F7, F3) is a Nash equilibrium.

We conclude that there is no equilibrium such that vy < vg,. This completes the

analysis of Case I.

Case II. Adopting similar arguments as in Case I, we can show that there is no

equilibrium such that vy = vp,. We omit the details.
Case III. Lastly, we consider the case in which vy, > vp,.

Step 7. Either Fy([vp,,vr)) =0 or Fy((ve,1]) = 0.

Otherwise, Sender 2 could achieve a higher expected payoff by choosing a MPC that

shifts some measure from [vg,, vr ) and (vg, 1] to vy, without changing the reservation

value.

Step 8. Fy([vg,,ve)) = 0.

It suffices to show that Fy((vg,, 1]) > 0. Suppose instead we have Fy((vpg,1]) = 0.

1. There are two cases to consider. In the first case, suppose that Fy((vg,,vr)) = 0.

In other words, on the interval [vg,, 1], F; concentrates on the two points vg, and vg,
such that Fy({vr }) > 0. When vp < 1— %, sender 1 could do a mean-preserving
spread, which splits a sufficiently small measure on (vg,, 1] to the two end points 0
and 1. The new reservation value is slightly higher than vp,, and sender 1 obtains
a higher payoff, a contradiction. When vp =1 — p%’ then sender 1 can benefit by a
mean-preserving contraction, which moves a sufficiently small measure from 0 and

1 to vp,, a contradiction.

. In the second case, suppose that Fy((vg,,vg)) > 0. If Fi((vg,vr)) = 0, then

sender 2 can benefit by splitting the measure on (vg, + €, vg, ) into the two points
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vp, + € and v, for sufficiently small €, a contradiction. Thus, Fi((vg,ve)) > 0.
Following the same arguments as in Case I, F} and F; are linear on (vg,, vr, ), and

then sender 2 has a profitable deviation, a contradiction.

Step 9. F1([0,vg,)) = 0.

Suppose to the contrary, Fi([0,vp,)) > 0. Then sender 1 can benefit from a mean-
preserving contraction, which moves some measures on [0,vr,) and (vp, 1] to vg, a

contradiction.

Step 10. vp, = py — c.

If v, > p2 — ¢, then F5([0,vg,)) > 0. Sender 2 can strictly benefit from a mean-
preserving contraction, which moves some measures on [0,vg,) and (vp, 1] to vg, a

contradiction.

From Step 9, we have that F} places no probability on the interval [0, vg,). From Step
8 and Step 10, we have that vp, = py — ¢, and F, places no probability on the interval
[0,vF, ). Thus, in any equilibrium (F, F»), the receiver meets each sender i with equal
probability %, and invests in his project regardless of the posterior ¢;. The payoff of each

sender is %, and the receiver’s expected payoff is 7%.

Step 11. If (F1, Fy) is a Nash equilibrium, then 1+ Fy(z) < %= for allx € [py—c¢,1—

— p1—¢
=), 2F\(z) < = for allw € [pp — ¢, vR), and 1+ Fi(z) < = for all € [vp, 1 — ).
Suppose that for some z* € [p; —¢,1 — pil), we have 1+ Fy(z*) > pfic. Since Fy is

right continuous, there exists some y € [z*,1 — pil) such that Fj is continuous at y and

1+F2<y) > Y Let

p1—c’

- & = Yo — %) ifze(0y);

Fi(z)=4q1- ¢ if x € [y, 1);

1 ife=1.

Clearly, the mean of F] is p; and vp; = y. Sender 1’s payoff by using the strategy Fj
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when sender 2 uses the strategy F3 is

e ] [l -

Thus, sender 1 has a profitable deviation, and (F7, Fy) is not a Nash equilibrium. We

have a contradiction.

Suppose that for some 2* € [vp,1 — =), we have 1 + F(z") > p;”ic. Since F} is

right continuous, there exists some y € [z*,1 — p%) such that F} is continuous at y and

1+ Fi(y) > . Let

p2—c’

- =L — %) ifze0,y)

Fyr)=q1- = if x € [y, 1);

1 itz =1.

Sender 2’s payoff by using the strategy Fj when sender 1 uses the strategy F} is

i) o) B s

Thus, sender 2 has a profitable deviation, and (F7, Fy) is not a Nash equilibrium. We

have a contradiction.

Suppose that for some z* € [py — ¢,vp,), we have 2Fy(z*) > I

Since Fj is
right continuous, there exists some y € [z*,vp ) such that Fj is continuous at y and
2F1 (y) > Y Let

p2—c’

1_1Ey_y<p2_1c ) ime[O,y);
F(z)=4q1- -y if z € [y, 1);
1 if v =1.
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Sender 2’s payoff by using the strategy Fj when sender 1 uses the strategy Fj is

54 5A0)] 4= TR
> Lnyr—(pz— 1fy)} Fi(y)
P2 C Y
>M§‘§2@—@
1
L

Thus, sender 2 has a profitable deviation, and (F7, F3) is not a Nash equilibrium. We

have a contradiction.

Step 12. If 1+ F>(x) < S5 forallz € [p1 —¢,1 — %) and 1 + Fi(z) < = for all

pi—c pa—c
T € [pp—c,1— p%), then (F1, Fy) is a Nash equilibrium.

We show that neither sender has a profitable deviation. First consider sender 1. If

sender 1 deviates to some F] with vgr € [py — ¢, 1 — pil), then his payoff is

/U:F{_ F 41 [Fg(m—) + %Fz({x})H dFi(z) + /vl, B +% Q(UFI’—):| dF!(z)

2 2
P i
VRl xT 1 Vpr
< T 4R+ / 4R
L mmgn oy 20
1 1 1
g—p—/ xdF’x—i—/v/dF’x
2(]?1—0) 1 o 1( ) - Fi 1( )
- 1
=5

where the last line uses the definition of the reservation value. If sender 1 deviates to F]

with v =1 — p%, then his payoff is

1 1 VR 1
R (om—)| <py——1  —
[ gten] <magti =

Thus, sender 1 does not have a profitable deviation.

Next, we consider sender 2. If sender 2 deviates to some F; with vy € [p2 — ¢, VR ),
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then his payof is

/v:Fé_ {Fl(as—) + %Fﬂ{as})} dFy(z) + /U”j”l‘ [% {Fl(x—) + %Fl({a:})} + %Fl(vpé—)} dF(z)

2 F2

+/; B + %Fl(UFé_):| dFy(z)

1

Ury T x VR T ! VR
—  _dFl(x —l—/ —  _dFl(x +/ —2 _dF(x
[; ST R N s R L T T ke

!
Fa

1 1 1
S—p—/ mdF’x—i—/v/dF'x

IN

N = N

where the last line uses the definition of the reservation value. If sender 2 deviates to

some Fy with vy € [vp, 1 — p%), then his payoff is

/v F:_ {Fl( )+ 5 F1 ({}) } dFy(x B + %FI(UFZ,_)} dF(z)

/UFI i APy /1 2 gy 1)
_'_
V. 2<p1 - C 2 pl - C

2

< ﬁ [pl /Ulesz’( ) + /UFl vy dFy(x)

IN

N = N

If sender 2 deviates to I with vgy =1 — p%, then his payoff is

1 1 Uy 1
L IR (vm—)] <po—2 — =
5 5itno)] <mapti =

Thus, sender 2 does not have a profitable deviation.

This completes the proof of Theorem 3.
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